Searching for space/time noncommutativity we reconsider open strings in a constant background electric field. The main difference between this situation and its magnetic counterpart is that here there is a critical electric field beyond which the theory does not make sense. We show that this critical field prevents us from finding a limit in which the theory becomes a field theory on a noncommutative spacetime. However, an appropriate limit toward the critical field leads to a novel noncritical string theory on a noncommutative spacetime.
Introduction
The recent interest in noncommutative geometry and its appearance in string theory [1] [2] [3] , has been limited almost exclusively to the case where the noncommutative coordinates are spacelike:
The time direction, x 0 , remained unaffected and the commutator
was set to zero.
It is interesting to ask what happens, if θ 0i = 0. The meaning of (1.2) in this case is not completely clear. In quantum mechanics the time coordinate labels the evolution of the system. Unlike the coordinates of particles, the time is not an operator, and hence, it
is not clear how it could fail to commute. Nevertheless, there are several motivations for studying such a situation:
1. Equation (1.2) with nonzero θ 0i is a natural extension of (1.1), and as such it appears like an interesting situation to explore. Such an uncertainty relation was advocated as a generic property of string theory -"the stringy uncertainty principle" even when no electric field is present (see [4] for a review and an extensive list of earlier references). In [5] we explore some of the consequences of such an uncertainty principle.
4. The stringy uncertainty principle (1.3) and the space/time commutator (1.2) play a crucial role in the proposal of [6] regarding the information puzzle in black-holes.
5. As we said above, lack of commutativity of time appears to be in serious conflict with our current understanding of quantum mechanics. Better understanding of this issue can perhaps shed light on the role of time in string theory.
Gauge transformation on a noncommutative space are different than on a commutative space. However, as in [3] , there exists a change of variables from noncommutative to commutative gauge fields allowing us to express the effective Lagrangian in terms of ordinary commutative gauge fields. This transformation applies to the space/time as well as to the space/space noncommutativity and it resolves some of the mysteries associated with such gauge fields. The effective Lagrangian after the transformation still includes an infinite number of space and time derivatives and questions of unitarity and causality might still be present. However, in the specific example of string theory in background electric field the first quantized description makes it clear that, at least in perturbation theory, the theory is unitary and causal.
Motivated by these considerations we will study strings in background electric field.
Our main concern will be the question of whether there exists a limit in which the full string theory simplifies. One's first hope is that as for magnetic backgrounds [3] , there exists an α ′ → 0 limit in which the theory becomes field theoretic and hence more tractable. One of our conclusions is that this is not the case. The best we could find is a limit of the theory in which the closed strings including the gravitational degrees of freedom decouple and we are left with a simpler theory of open strings only. However, unlike the magnetic case, this theory is not a field theory but a string theory.
The setup
We will be studying D-branes in flat R n with metric g µν and constant B field B µν .
We can pick a frame in which g µν = η µν , but since we are planning to scale the metric we do not do that. For simplicity we will take the metric g µν to be diagonal. Then it is easy to distinguish between the spatial and the temporal directions.
The boundary conditions for open strings are
where τ is tangent to the boundary and σ is normal to the boundary. The analysis of [3] , which was motivated by [7] , leads to the definition of the open string metric G µν , the noncommutativity parameter θ µν and the open string coupling constant G s
where () A denotes the antisymmetric part and g s is the closed string coupling.
As is well known the backgound B µν can be traded for background F µν on the branes.
Most of the analysis in the literature is devoted to the magnetic case, where only the spatial components of B (or F ) are nonzero. Here we will be interested in the purely electric case with B ij = F ij = 0, but B 0i = 0. The generalization to the case of both electric and magnetic background fields is straightforward.
Without loss of generality we can choose a frame in which the electric field points in the x 1 direction. Focusing on x 0,1 we take
We also find it convenient to define the dimensionless electric field
where E cr = g 2πα ′ is the critical electric field. In this frame the open string parameters (1.5) become .
(1.8)
The constants G and θ can be expressed as
(1.9)
In the case of N branes the effective 't Hooft coupling constant is
In section 2 we study strings in background electric field. We first review and extend the canonical quantization of the first quantized theory on the strip, and then discuss the interactions. We end with a few comments about the phenomenon of critical electric field.
In section 3 we show that there is no zero slope limit in which the theory becomes a field theory on a noncommutative spacetime. Our novel noncritical string theory on such a spacetime is presented in section 4.
As we were completing this work we learned of a closely related work by R. Gopakumar, J. Maldacena, S. Minwalla and A. Strominger [8] .
Strings In Background Electric Field

Canonical quantization on the strip
In this subsection we follow [9, 10] and analyze the spectrum of the first quantized open string in the background of constant electric field.
In terms of the spacetime lightcone coordinates
The solution of the worldsheet equations of motion subject to these boundary conditions are
with reality conditions (a ± n ) * = a ± −n . We note that as E approaches the critical field ±E cr ( E → ±1), the modes of x ± become chiral in the worldsheet sense.
As in [10] , the commutation relations of the modes in (2.2) are
and the worldsheet Hamiltonian is given by
where L tr 0 is the contribution of the transverse directions. This Hamiltonian determines the masses of the various string modes. It is important that the relevant metric in all these expressions is the open string metric G µν of (1.5)(1.8).
In order to gain some intuition to the physics of the problem we neglect the oscillators in (2.2)
As in [11] [12] [13] (see also [3] ), in this approximation the string is a rod which behaves like a dipole -the two ends of the string carry opposite charges. Two important properties of x are the following 1. It is easy to check using (2.3) that its center of mass coordinates,
commute. The lack of commutativity of x µ 0 in (2.3) occurs only because these are the boundaries of the string.
2. The length of the rod is proportional to Ep. As in the magnetic case, the size of the dipole is proportional to the background field and the momentum [11] [12] [13] . However, here, the dipole grows in the longitudial direction rather than in the transverse direction. This fact plays a crucial role in [5] .
In order to find the physical spectrum of the string we should remember to include the ghosts and look for the BRST cohomology. Instead, we can try to use a physical gauge like a lightcone gauge. The boundary conditions (2.1) do not allow us to choose
Instead, a natural guess for the lightcone gauge in this system is
The choice (2.6) is natural because it satisfies the equation of motion and the boundary conditions. In order to prove it, we replace the previous choice of the conformal gauge with the metric −1 1 by a gauge choice with the worldsheet metric −1 E E 1 − E 2 . Then we can choose the standard lightcone gauge x + = α ′ p + τ . Finally, we change the worldsheet coordinates to a frame with a metric −1 1 to find (2.6).
In the lightcone gauge (2.6) the oscillators in a ± are absent and the physical spectrum of the theory is essentially that of the transverse directions without the electric field. The only effect of the electric field is to change the metric g µν to the open string metric G µν as in (1.5) . This metric appears in the mass shell condition through the Hamiltonian (2.4).
Examining (2.6) (or (2.5)) we see that for fixed τ the two ends of the string are not at the same value of x + . The two ends of the string are always spacelike separated. As the electric field becomes critical E = ±1 the two end points at fixed τ become lightlike separated. This gives another perspective to the impossibility of having larger values of the electric field.
This picture leads to another interpretation to the fuzziness in x + corresponding to the noncommutativity in it. This is important because in the lightcone gauge x + is treated as a parameter, labeling the evolution of the system and therefore there is superficially no room for any fuzziness in it. The fuzziness occurs because the string is not point-like but is like a rod whose two end points are at different times. This is similar to the origin of the fuzziness of space in the magnetic case [12] which originates from the size of the dipole.
An important difference between the electric and the magnetic backgrounds is the following. For magnetic backgrounds the dipole grows in the direction transverse to the motion by amount proportional to B ij p i , while for electric backgrounds the growth is in the longitudinal direction by amount proportional to B 0i p i .
Finally we would like to resolve a little puzzle. The discussion of the noncommutative field theory in [12] derives the size of the dipole as ∆x µ = θ µν p ν , while from the normal mode expansion of the zero mode, as in (2.5), the size is ∆x
can these two expressions be the same? The answer is that in the noncommutative field theory we use the open string metric G µν to raise and lower indices. Using the identity
(which follows from (1.5)) and p α = G αβ p β it is easy to show that these two expressions for the size of the dipole are identical.
String interactions
The discussion so far was limited to the free first quantized theory and its spectrum on the strip. In order to include interactions using vertex operators we must use a covariant gauge. Otherwise we cannot change the value of p + , and we cannot probe the noncommutative phases p
θ which are characteristic of the noncommutative theory. At the level of the disc amplitudes the inclusion of the electric field is straightforward.
As explained in [3] , all we need to do is to start with the corresponding amplitudes for E = 0 and replace g µν by G µν , g s by G s and multiply the answer by the standard phase factor with the noncommutativity parameter θ. The fact that g is replaced with G is consistent with the replacement of g µν p µ p ν by G µν p µ p ν in the mass formula (the worldsheet Hamiltonian (2.4)). These observations are consistent with the explicit calculations performed in the special case of scattering on D1-branes in [14] .
The critical electric field
At E = E cr the various expressions for the open string parameters (1.9) are singular.
The origin of this singularity was understood in [9] . An open string should be thought of as a dipole whose ends carry opposite charges. When an open string is stretched along the x 1 direction in the orientation preferred by the background electric field, the field reduces its energy. For |E| < ∼ E cr , the energy stored in the tension of the string is almost balanced by the electric energy of the stretched string. More quantitatively, the effective tension of such a string is 1 2πα
and it vanishes as |E| → E cr . Beyond that value virtual strings can materialize out of the vacuum, stretch to infinity and destabilize the vacuum. 
When the string is streched along different directions this effect is absent and its tension is not reduced. Instead of thinking of a varied tension, it is easier to keep the tension fixed at
is also interesting. We note that it vanishes as E approaches the critical field for fixed value of the underlying string coupling constant g s . This fact has a simple reason. Consider the transition of one of the light open strings to a closed string. For this process to take place, the stretched open string needs to bend over in order for its ends to touch each other. Then, part of it will be stretched against the electric field and will be very heavy. Therefore, such a transition cannot happen easily and correspondingly the effective coupling constant is small.
Finally, let us compactify x 1 and use T-duality along the compact direction. We get branes of one lower dimension moving with velocity v = E around the circle. As the electric field approaches its critical value, the velocity of the branes approaches the speed of light and the momentum of the branes becomes large. We can then make a large boost to bring the branes to rest. In the T-dual picture of the original theory, this amounts to boosting to large momentum. Therefore, studying the electric theory near the critical limit is equivalent to studying the theory in the DLCQ description.
Below we will study the limit E → E cr in more detail. We will define an appropriate scaling limit which focuses on these light strings and find an effective theory of these modes only.
Looking For A Zero Slope Limit With Noncommutative Spacetime
In this section we will look for a field theory limit of string theory in electric field background, which has a noncommutative spacetime. Naively, all we have to do is repeat the analysis of [3] to find a zero slope limit. However, we will show that this is not possible.
In our discussion we will hold the coordinates and external momenta fixed, and will rescale the metric and α ′ . An alternate description in terms of fixed metric and α ′ but rescaled coordinates and momenta is, of course, also possible.
We start by reviewing the propagator along the boundary of the disc
where the coefficients of the two terms in the propagator are given in terms of
We are looking for a limit subject to the following requirements:
1. We want α ′ → 0, so that all the oscillator modes decouple and the resulting theory is field theoretic. Otherwise, the theory has an infinite number of massive string modes.
2. We should keep G finite. The reason for that is that G µν will be the metric of the resulting theory, which should be finite.
3. The noncommutativity parameter θ should be finite, since we want the resulting theory to be noncommutative.
Since | E| < 1, if θ is kept fixed, α ′ G −1 cannot be taken to zero. Therefore, the first term in the propagator (3.1) cannot be neglected and the directions x 0,1 remain stringy. This is unlike the situation for magnetic backgrounds, where there is no bound on the background magnetic field, and it is possible to take the analog of E to infinity and remove the first term in the propagator, thus making the theory in these directions field theoretic [3] .
Roughly, for magnetic backgrounds the scaling is such that the magnetic field goes to infinity. Here, we cannot scale E to infinity, and therefore we cannot reach a zero slope limit.
One might argue that perhaps we should scale α ′ → 0, while also scaling G → 0; i.e.
violate our second condition above. Then, the theory is stringy only in the directions of x 0,1 . A stringy spectrum in these directions can be removed by the ghosts, such that the whole theory has a field theoretic spectrum. In fact, we have already seen that above, when we analyzed the theory in the lightcone gauge. However, if G 00 ∼ α ′ → 0, while some of the other components of G µν remain of order one, then the contribution of the energy to the dispersion relation G 00 p 2 0 ∼ 1 α ′ is large, and the transverse oscillator modes can be excited. Therefore, in such a scaling limit the transverse oscillators do not decouple and the theory is stringy.
New Noncritical String Theories
In this section we are looking for a limit of the theory which focuses on the nearly tensionless strings for |E| < ∼ E cr (| E| < ∼ 1). Unlike the previous section, here we keep α ′ fixed, rather than scaling it to zero. Hence the resulting theory is a string theory and not a field theory. The limit we look for is space/time noncommutative and decouples from the bulk modes off the branes including the gravitational modes of the theory.
Since we want the open string metric G µν to be fixed, we should scale the closed string
holding the other elements fixed (recall that we chose the closed string metric to be diagonal).
Using (3.2), the noncommutativity parameter θ can be expressed in this limit as
and therefore it is finite. Hence, in this limit the theory is space/time noncommutative.
One of the surprising aspects of this theory is that the open strings, which live on the branes, cannot turn into closed strings and propagate into the bulk. The energetics argument we gave around equation ( 
As they scatter to closed strings in the bulk, the total energy and momenta in the directions of the branes are conserved but the metric used in the dispersion relation is the closed string metric. Therefore, for each closed string we have Since g = 1/(1 − E 2 ) → ∞ as E → 1, such a dispersion relation cannot be satisfied unless p 0 is infinite. We see that we need to have an infinite amount of energy in order to get off the branes -the strings are confined to the branes.
Since we scale |E| → E cr , the open string coupling constant G s vanishes. As a first attempt to have an interacting theory, we scale N to infinity holding the effective 'tHooft coupling (1.10)
fixed; i.e. we scale
We conclude that our theory includes interacting open strings and the underlying spacetime is noncommutative. The open strings decouple from the closed strings, and therefore also from the gravitational sector of the theory.
It might appear surprising that we have open strings without closed strings. After all, closed strings should be found as poles in the double twist diagram. However, our limit with large N suppresses the nonorientable double twist diagram, while the orientable planar diagrams survive. Our theory might include composite closed strings analogous to the QCD glueballs but these are not expected to be seen in perturbation theory and should not be confused with the closed strings which propagate off the branes.
If the theory confines and does produce its own glueballs, their coupling constant should be proportional to 1/N by topological considerations. Since we scale N to infinity, the glueball coupling constant vanishes. Therefore the theory is free in terms of these variables. If a dual supergravity description exists in the strong 'tHooft coupling limit, we expect the glueballs to be described in terms of classical supergravity in some dual bulk geometry. Such a description will be useful for G ef f large.
Another possibility, is to keep N fixed and scale g s to infinity holding G ef f fixed.
Thus we scale
The strong coupling behavior of the theory can be analyzed using string duality. In the IIA theory we should use M-theory and in the IIB theory we should use S-duality.
Let us focus on the case of the IIB theory. We start with
After an S-duality transformation we have
for i, j = 0, 1.
The lightest degrees of freedom in the bulk are the fundamental strings which were originally D-strings. Their coupling constant goes to zero in the scaling limit. The original fundamental strings are D-strings after the duality transformation. Although they are strongly coupled, they are very heavy and are irrelevant for low energy processes. Of course, this last comment is consistent with the previous discussion about the decoupling of these closed strings from the modes on the branes. Since g ′ s → 0, we do not have any closed string poles in the non-planar open string diagrams. The only poles which could be generated are poles of closed D-strings, which couple strongly. However, these are very heavy in the limit we consider and cannot be put on shell for any finite energy of the external open strings. Therefore, the energetics prevents such poles.
We also note that the nature of our D-branes changes. If we started with D3-branes, they remain D3-branes after the S-duality transformation. However, the background NS B 01 field becomes background RR B 01 field. So we end up with IIB theory at weak coupling with D3-branes in background RR B 01 field.
We conclude that in the low energy limit we consider, with g s scaling to infinity as in (4.5), the theory includes interacting open strings on the branes together with decoupled free closed strings in the bulk. The open string theory is decoupled from gravity. Again, the underlying spacetime on the D-branes is noncommutative. In this limit N is kept fixed and so are the interactions of the QCD-like strings. We expect the theory to be dual to a fully interacting theory of such strings.
Our theory is reminiscent of the little string theory of [15] . In both cases we take a limit of string theory in which gravity decouples to find a theory which does not appear to be a local quantum field theory. What are the observables of the theory? In the little string theory, the S-matrix elements of the underlying string theory lead to Green's functions in the little string theory [16, 17] . Perhaps a similar construction exists for our theory but we have not investigated this.
The thermodynamics of the theory is also interesting. At weak coupling, one expects the high temperature thermodynamics of the theory to be that of a string theory with an exponentially growing density of states and a Hagedorn transition. It would be interesting to understand the behavior of the theory near the Hagedorn temperature since this theory does not contain closed strings and decouples from gravity. It would be interesting to understand the thermodynamics of the theory at large N with G ef f held fixed and large, in particular whether a Hagedorn spectrum still persists. The existence of a possible supergravity dual may help towards this direction.
In [3] the zero slope limit of D4-branes in a magnetic background was related to D4-branes in a background electric field in the limit as the electric field approaches the critical value. These two limits turned out to be related from an eleven dimensional perspective in M-theory. It would be interesting to see whether this observation is relevant to our noncritical theory, as we use such a limit.
